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Introduction
Classical domination in graphs is a well studied area within graph theory. For a graph G, we consider D ⊂ V (G) to be a dominating set if every member of V (G) \ D is adjacent to at least one member of D. The domination number of G, denoted γ(G), is the minimum cardinality of a dominating set. Define w : V (G) × V (G) → R to be a weight function of G. For u, v ∈ V (G), we say that u assigns weight w (u, v) to v. A variant of domination, called exponential domination, was first introduced in [5] . Their motivation was to create a framework for a particular type of distance domination, one that would better model real world situations in which the influence of a selected vertex on other vertices decreases exponentially as their distance increases. There are two types of exponential domination; non-porous and porous. In non-porous exponential domination, exponential dominating vertices obstruct the influence of each 1 (G) , is the cardinality of a minimum porous exponential dominating set. Notice that exponential domination differs from the other variants of domination discussed in [6] due to the global influence exponential dominating vertices have on V (G), whereas the dominating vertices of the variants of domination have a more local influence. The relatively few results [1, 2, 3, 4, 5, 7, 8] in this area has been attributed to the difficulty of working within the global nature of exponential domination. On relating exponential domination to classical domination, it is known that [5] γ * e (G) ≤ γ e (G) ≤ γ(G).
(1.1)
Let [n] = {1, 2, . . . , n}. The consecutive circulant graph, C n, [ℓ] , is the set of n vertices such that vertex v is adjacent to vertex v ± i mod n for each i ∈ [ℓ]. Notice that C n, [1] is equivalent to C n and C n, ⌊ n 2 ⌋ is equivalent to the complete graph K n . The following proposition gives an explicit formula for γ e (C n ). Proposition 1.1. [5] For every integer n ≥ 3,
No such formula has been determined for γ * e (C n ). In this paper, we show that that the porous and non-porous exponential domination number of C n, [ℓ] are equivalent. Furthermore, in Theorem 1.2 when ℓ = 1 and m ≥ 2, our results align with Proposition 1.1 and fills the gap to γ * e (C n ). For the sake of simplicity, we will now refer to porous exponential domination as exponential domination, unless stated otherwise.
We still need a few more definitions and notation. Let H be the Hamiltonian cycle of C n, [ℓ] , where the vertices v, v + 1 mod n form an edge. Label the vertices of C n, [ℓ] in the order of H as V H = {0, 1, . . . , n − 1}. For 0 ≤ i , j ≤ n −1, we denote d H (i , j ) to be the length of the shortest path from i to j on H . See Figure 1 .1 for an illustration of C 8, [2] , with the defined labeling. With respect to V (C n, [ℓ] ), denote the interval [i , j ] as the set of increasing consecutive integers modulo n from i to j. Let I = Our main result is the following theorem, whose proof is shown in Section 2.2 . We now give a brief outline of the proof for Theorem 1.2. Through the use of the remarks and lemmas in Section 2.1, we show that the above equality holds when (3ℓ + 1) divides n. Additionally, the structure of the exponential domination set in this case is shown to be unique up to isomorphism. The main result is proven by exploiting the uniqueness of the exponential domination set when (3ℓ + 1) divides n, and applying (1.1).
Exponential domination of consecutive circulants
In this section we prove Theorem 1.2, which determines the explicit non-porous and porous exponential domination number of C n, [ℓ] , and shows that these numbers are equivalent. In the first subsection, we remark on minor results and provide lemmas used to prove the main results. The main results and their proofs are given in the second subsection.
Minor Results and Lemmas
The following remarks and lemmas appear in the order they are referenced in the proofs of Theorems 2.12 and 1.2. [ℓ] ). Throughout the paper, there will be a need to refer to d (u, v) . Then, 
Again, applying Remark 2.1 gives,
Therefore (ii) and (iv) have been verified. Observe that (iii) and (v) are a symmetric arguments to (ii) and (iv), respectively.
Given an exponential dominating set D, the following algorithm details the process in how to construct a new exponential dominating set of the same size. With respect to D, this new exponential dominating set has less intervals that contain no exponential dominating vertices, or has less exponential dominating vertices contained in each interval. Algorithm 2.6. Consider D, an exponential dominating set for C n, [ℓ] , and the partition I such that We identify the three closest members of I a ∩D to (3ℓ+1)a +2ℓ, and the closest member to (3ℓ+1)i +2ℓ
Then define S = {s 0 , s 1 , . . . , s b }, such that s t = (3ℓ + 1)t + 2ℓ, and output the set
Lemma 2.7. Given an exponential dominating set D ⊂ V (C n, [ℓ] ), and the partition I so that
Proof. For the sake of simplicity, let 
There are four cases: 
Figure 2.2: Illustration of Case 2 with a = 3, b = 7.
Consider the case when
Additionally we have that w
Putting it together gives 
Putting it together gives
In each instance, we have shown that |D| = |D ′ |, w 
If m is even,
We now compute the length of the shortest path from ℓ to 5ℓ, 6ℓ + 1 and from 8ℓ + 2 to 3ℓ + 1, 5ℓ. Then notice that with respect to 
and (v) of Lemma 2.5, it follows that w
Putting it together gives that w Proof. For the sake of simplicity, let
As Remark 2.3 shows that |D| ≤ m, it follows that for every k ∈ K there must exist a distinct z ∈ z(D). Therefore we have that
Without loss of generality suppose that 0 ∈ z(D). Then the interval I 0 has that f 0 (D) = 0. LetD be an exponential dominating set such that
, 2ℓ) and without loss of generality, let P
2ℓ). Notice that there is exactly one member of D
. Putting it together gives w * (D \ P 1 , 2ℓ) < 6 7 . Let k 0 = m 2 , then the choice of D ′ implies that
Consider 2 ≤ k ≤ k 0 . Then using (2.1) and (2.2), it follows that 
, which contradicts the assumption that D is an exponential dominating set. Through a symmetric argument, it can be shown that w * (D, ℓ) < 27 28
. Therefore either 1 ∈ K , or m −1 ∈ K . In general, this shows that for every z ∈ z(D), there exist k ∈ K such that k ≡ z ±1 mod m. Without loss of generality, suppose that k ≡ z + 1 mod n. Then, z − 1 mod n ∈ K , else there will exist z 0 ∈ z(D) for which w * (D, (3ℓ
The next lemma extends the result of Lemma 2.10 by determining the location of exponential dominating vertices in the intervals to either side of an interval that contains no members of D. 
Proof. For the sake of simplicity, let
Without loss of generality, consider P 1 and notice that there is exactly one member of D \ P 1 in every nonempty interval, so f
To maintain that (D, w * ) dominates C n, [ℓ] , it follows that w * (P 1 , (3ℓ + 1)z + ℓ), w * (P 1 , (3ℓ + 1)z + 2ℓ) > . To ensure that ℓ and 2ℓ receive sufficient weight from D, the following conditions must hold
Since w * (P 1 , ℓ), w * (P 1 , 2ℓ) > 
Additionally, through a similar argument with respect to P 2 , it can be shown that d
The following lemma shows that if there are two exponential dominating vertices that are within a certain distance of each other, then there exists a shift of these two vertices that creates a new exponential dominating set.
Lemma 2.11. Let D be an exponential dominating set for C n, [ℓ] . Suppose that there exists i , j ∈ D such that i < j and d
without loss of generality, suppose that w
Main Results
The main results of this paper consists of the following two theorems. Theorem 2.12 determines the structure of the minimum porous exponential dominating set for C n, [ℓ] , when 3ℓ + 1 divides n. In this proof, all but one case is shown to either have a porous exponential dominating set that is not minimum, or to have a set of vertices that is not a porous exponential dominating set. Theorem 1.2 determines the explicit formula for γ * e (C n, [ℓ] ) and γ e (C n, [ℓ] ). In this proof Theorem 2.12 and Remark 2.2 to determine a lower bound for γ * e (C n, [ℓ] ) and upper bound for γ e (C n, [ℓ] ), respectively. Additionally (1.1) is used to link γ * e (C n, [ℓ] ) and γ e (C n, [ℓ] ). Proof. Let D be an exponential dominating set for C n, [ℓ] . For the sake of simplicity, let
). Through induction, we show the contrapositive of the statement: 
using Algorithm 2.6. Then Lemma 2.7 shows that D ′ is an exponential dominating set such that 
Then we have that 2 ≤ f Proof of Theorem 1.2: Let n = (3ℓ + 1)m + r and D be a porous exponential dominating set for C n, [ℓ] such that |D| ≤ m. In the case where r = 0, Theorem 2.12 shows that D is a minimum porous exponential dominating set such that |D| = m. Remark 2.2 shows that D forms a non-porous exponential dominating set. Thus using (1.1) we have that n 3ℓ + 1 ≤ γ * e (C n, [ℓ] ) ≤ γ e (C n, [ℓ] ) ≤ n 3ℓ + 1 .
Consider the case when r > 0. We first partition H into m + 1 intervals. Then notice that there must be at least one interval that contains no dominating vertices. We choose the partition I = ∪ m i =0 I i around H
